Exotic compact objects refer to a wide class of black hole alternatives or effective models to describe phenomenologically quantum gravitational effects on the horizon scale. In this work we show how the knowledge of the quasi-normal mode spectrum of non-rotating wormhole models can be used to reconstruct the effective potential that appears in the perturbation equations. From this it is further possible to obtain the parameters that characterize the specific wormhole model, which in this paper was chosen to be the one by Damour and Solodukhin. We also address the question whether one can distinguish such type of wormholes from ultra compact stars, if only the quasi-normal mode spectrum is known. We have proven that this is not possible by using the trapped modes only, but requires additional information.
I. INTRODUCTION
In this work we use the so-called trapped quasi-normal mode (QNM) spectrum of the Damour-Solodukhin (DS) wormhole [1] to reconstruct the effective potential that appears in its wave equation for scalar perturbations. From this we can further recover the position of the wormhole throat, which in the DS wormhole is characterized by a single parameter λ . The present inverse method is an extension of recent work that has been done on the oscillation spectra of ultra compact stars [2, 3] . As a proof of principle to demonstrate the inverse method, we apply it to the QNM spectra of the exact DS wormhole potential, as well as to the double Pöschl-Teller (PT) potential, which can be used as an analytical approximation. The QNM spectrum of both potentials have recently been studied [4] , where it was shown that the trapped QNM spectrum is encoded in the so-called "echo" signal of the object. Echo signals of this kind are expected to be emitted from a wide range of exotic compact objects (ECOs) [5, 6] , which could be different types of ultra compact stars, gravastars, wormholes or other exotic objects beyond general relativity, see [1, [7] [8] [9] [10] [11] [12] [13] [14] [15] for some examples. For a current overview about the topic we refer to [16, 17] . These type of objects triggered a lot of attention recently, because there were claims that could be traced in gravitational wave data from LIGO [18] [19] [20] [21] . However, due to technical difficulties in the waveform modeling and data analysis, these claims are disputed [22, 23] . Although much effort has already been made to produce and model the expected signal [4, [24] [25] [26] [27] [28] , providing realistic waveforms remains a complicated problem due to the lack of concrete physically well motivated models. The existence of light primordial ECOs could also have drastic consequences for the nature of dark matter [29] .
The inverse method we present is not limited or specially designed for the study of wormholes or other ECOs. We point out that it is a general inverse method to reconstruct a symmetric double barrier potential V (x) that appears in the one-dimensional wave equation, where E n is the given spectrum. It is of approximate character because it is based on the "inversion" of the classical Bohr-Sommerfeld rule and the Gamow formula [30] [31] [32] [33] , which can be derived from WKB theory. Besides presenting and applying the inverse method, we also address the uniqueness of the reconstruction and the question under what conditions one can distinguish such a wormhole potential from the typical potential of ultra compact stars.
This paper is organized as follows. First we present the inverse method being extended for this work in Sec. II. In Sec. III we discuss the DS wormhole model that is studied in this paper. The application of the inverse method along with the results for the reconstructed throat is shown in Secs. IV and V. We compare our results with the ones for ultra compact stars in Sec. VI. The discussion and conclusions of our findings can be found in Secs. VII and VIII. We provide additional material in the Appendix IX. Throughout the paper we use G = c =h = 2m = 1.
II. INVERSE SPECTRUM METHOD
In this section we describe the method being used to reconstruct a symmetric double barrier potential of the type shown in Fig. 1 . The potential is assumed to have one local minimum in the potential well and only two global maxima at the barrier. The method presented in this paper is an extension of the recently developed and applied method in the study of ultra compact stars, gravastars and mathematical physics [3, 34] . It is a generalization of inverse problems with pure potential wells and pure potential barriers [30] [31] [32] [33] , which have been used in molecular spectroscopy and quantum algebra [35] [36] [37] . The underlying idea is to invert a generalized Bohr-Sommerfeld rule [38, 39] , which can in our case be approximated with the classical Bohr-Sommerfeld rule and the Gamow formula. It is possible to use the inverted Bohr-Sommerfeld rule to reconstruct the width of the potential well L 1 (E). The same can be done with the inverted Gamow formula, in combination with L 1 (E), to reconstruct the width of the potential barrier L 2 (E) 1 . In the subsequent sections we outline the extension of the inverse method and demonstrate how it is used. For more detailed discussions about this we refer to [3, [30] [31] [32] [33] [34] .
Here we show a typical symmetric double barrier potential studied in this work. The red and blue arrows denote the width of the potential well L 1 (E) and individual potential barrier L 2 (E), respectively. The corresponding turning points at the value E are indicated with broken lines. The real parts of the spectrum are shown as E i .
A. Outline of the Method
The inverse method is applicable to the one-dimensional wave equation
where V (x) is a symmetric double barrier potential and E n the corresponding spectrum. In most literature on this problem one usually finds E n , and not the QNM notation ω 2 n , as definition for the spectrum. We adopt this notation. The connection between the QNMs ω n and E n is given by
where E 0n and E 1n are the real and imaginary part of E n . In this work we are interested in the trapped modes, also called quasi-stationary states, which correspond to the part of the spectrum related to potential well. For these modes one finds an exponentially small imaginary part E 1n , while the real part E 0n is between the potential well minimum and the maxima of the barriers. Because of this property, one can expand the generalized Bohr-Sommerfeld rule [38, 39] and finds the classical Bohr-Sommerfeld rule describing the real part E 0n from the potential well only
1 L 2 (E) corresponds to the width of one of the symmetric potential barriers, if the barriers are not symmetric the problem is more involved.
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Now one can apply the same inversion of the Gamow formula shown in [32, 33] . Note that the imaginary part E 1n in eq. (8) requires the knowledge of the potential between the barriers between the classical turning points (x 1 , x 2 ), which is not known from the spectrum. However, in the appendix of [3] it was shown that the knowledge of L 1 (E), within the accuracy of the Bohr-Sommerfeld rule, is enough to uniquely describe E 1n by choosing any valid potential constructed from L 1 (E).
One finds that the width of one of the potential barriers is given by
where E max is the maximum of the potential barriers, which can be extrapolated from T 1,2 (E max ) = 1 or provided otherwise. The transmission is obtained by combining eqs. (7) and (8) . If the spectrum is not known analytically, but as a discrete set of complex numbers, one has to interpolate between the states in order to obtain a discrete function for T (E). From here one can already expect that the accuracy of the reconstruction improves for potentials with a large number of trapped modes compared to ones with a smaller number, see [3, 34] for discussions.
With the reconstruction of (L 1 , L 2 ) one has two equations for four turning points (x 0 , x 1 , x 2 , x 3 ). Without additional assumptions that provide two turning points, one can not find a unique reconstruction of the turning points and from this the potential V (x). It actually implies that infinitively many potentials, which must have the same (L 1 , L 2 ), yield exactly the same spectrum within the accuracy of the underlying WKB method. Although one might expect that this is a drawback of the non-exact WKB method, it simply says that the knowledge of the spectrum alone, is not enough for a unique reconstruction. A similar case has been coined with the famous question: Can one hear the shape of a drum? [40, 41] .
In the case of a symmetric potential, which was assumed to derive the above results, we can use the symmetry to reconstruct a unique potential. For a potential being symmetric around x = 0, the turning points are given by 2
The reconstructed potential is simply found by inverting the turning points x i (E) for E.
III. WORMHOLE MODELS
In this section we summarize the non-rotating wormhole model by Damour and Solodukhin [1] and the double Pöschl-Teller potential, which can be used as an approximation. The Pöschl-Teller potential has a notable history in the study of QNMs of black holes and other compact objects, because it allows for explicit analytical calculations, we refer to [4, 10, [42] [43] [44] [45] [46] for some examples.
A. Damour-Solodukhin Wormhole
Damour and Solodukhin describe their wormhole model as a black hole foil. Depending on a single parameter λ , it can describe the Schwarzschild space-time very well for large distances, but it becomes significantly different close to the Schwarzschild radius. The line element is given by
with g(r) = 1 − 2M/r. To simplify the following relations we set r/M → r and for the later introduced tortoise coordinate r * /M → r * . The most striking difference compared to the Schwarzschild case is the absence of an event horizon. It is replaced by a "throat" that connects two isometric, asymptotically flat regions. The absence of the event horizon changes the QNM spectrum drastically, although the exterior part of the space-time can be almost the same far away from the throat. Perturbations of the DS wormhole have been studied in [4] , thus we only summarize the important relations we need for the inverse problem and refer to the same paper for more details.
In the case of scalar perturbations one finds that the effective potential of the DS wormhole is given by
with f (r) = 1 − 2/r and g(r) = 1 − 2(1 + λ 2 )/r. The wave equation has the standard form
The tortoise coordinate r * can be derived explicitly
To obtain a double barrier potential studied in this work, one has to choose small values of λ . For the relevant range of λ , the following simplification gives a good approximation
In this case one can relate the position of the throat, described by λ , with the distance L between the two maxima of the potential barriers
while the first term in eq. (15) corresponds to the usual tortoise coordinate for the Schwarzschild BH.
B. Double Pöschl-Teller Potential
The double Pöschl-Teller potential has recently been used in the same work to approximate the QNM spectrum of the DS wormhole [4] . For large separations between them one can treat the full potential either as two single Pöschl-Teller potentials, defined piecewisely on each side, or as their sum, defined on the full range. This three parameter potential can be written as
where V 0 is the maximum of the potential barrier(s), L is the difference between the two barrier maxima, and a scales the second derivative at the barrier maximum. All three parameters can easily be obtained from the full effective potential of a given model for a given l and λ
The parameters (a,V 0 ) depend strongly on the value of l in the effective potential, while L is a measure for the position of the throat and related to λ . An implicit equation for the analytic solution of the QNM spectrum ω n is provided in the appendix of [4] 
IV. RECONSTRUCTION OF THE POTENTIALS
In this section we first briefly show the results of the inverse method applied to the QNM spectrum of the exact DS wormhole potential, as well as to the spectrum of the double Pöschl-Teller potential. In the subsequent Sec. V we show how the parameter λ , which appears in the wormhole metric and is related to the position of the throat, can be recovered. The extended discussion of our results can be found in Sec. VII.
A. Damour-Solodukhin Wormhole
Here we show the results for the reconstruction of the exact DS wormhole potential with the inverse method. The QNMs being used for the reconstruction are tabulated in Appendix IX B and have been produced with a modified code that was first presented in [47] . The subsequent Fig. 2 shows our result for the reconstructed potential for λ = 10 −5 and l = 1, 2. Additional results for l = 3 are provided in Appendix IX A. Here we show our result for l = 2, there are 14 trapped modes.
B. Double Pöschl-Teller Potential
Although the double Pöschl-Teller potential is not a specific wormhole model, it is worth to apply the inverse method to this potential as well, to see how well one can reconstruct it from its trapped QNM spectrum. The QNMs being used for the reconstruction are tabulated in Appendix IX B and have been obtained by solving eq. (19) for ω n numerically. Fig. 3 shows our result for λ = 10 −5 and l = 1, 2. The case of l = 3 is provided in Appendix IX A. The panels are organized in the same way as for the DS potential in Sec. IV A. Here we show our result for l = 2, there are 14 trapped modes.
V. RECONSTRUCTING THE THROAT
Once the DS potential has been reconstructed, we can recover the position of the throat being characterized by the parameter λ . So far we did not have to identify any specific property of the wormhole model for the inverse method 3 . However, deriving λ from our results only makes sense, if one assumes that the underlying model for the wormhole is now the DS model.
To recover λ in a simple way from the potential, we have chosen to use the distance L 1 (E) evaluated at E = E max /2, which is defined for every l and λ . One can expect that the reconstructed potential is most precise around this region. For small values of E the classical Bohr-Sommerfeld rule is less precise, while for values around the peak of the barriers, the Gamow formula becomes unreliable. For fixed values of E = E max /2 and a given l, we define the following one-dimensional function
which for a given l only depends on λ . Here (x 1,l (λ ), x 2,l (λ )) are the classical turning points for a given l at E = E max /2 as function of λ . We can use L l (λ ) to bijectively relate the reconstructed width of the potential barrier with the corresponding value of λ . We show L l (λ ) for the range of λ being studied in this work in Fig. 4 . The function depends only weakly on l. In order to recover λ from the reconstructed potentials, one only has to solve the following equation for a given reconstructed width of the potential well L 1 (E) (for given l)
This identification is a simple one which we use to demonstrate the precision one can expect from the method. In principle one could also reconstruct λ with more refined methods, e.g. via χ 2 fitting of the full functions for the reconstructed widths (L 1 (E; λ ), L 2 (E; λ )) with the exact ones calculated directly from the DS potential as function of λ . We show the results for the reconstructed values of λ rec. for different parameters in Fig. 5 . Since the number of trapped modes increases with l, it is not surprising that the relative error becomes smaller with increasing l. We provide the tabulated values of the reconstructed values λ rec. along with the relative error in table IV in Appendix IX B. Concluding we want to note, as it is discussed in [1] , that the time any perturbation takes to be reflected in the potential well, and thus excite the trapped QNMs, is increasing with smaller values of λ . Thus one should keep in mind that for too small values of λ , the trapped QNMs might be undetectable, since any observation can only cover a finite time interval. 
VI. COMPARISON TO ULTRA COMPACT STAR POTENTIALS
In this section we discuss and go beyond our results for the reconstructed wormhole potentials from Secs. IV and V. We compare them with similar results for ultra compact star potentials, reconstructed in [3] , and ask whether one can distinguish both type of objects from the trapped QNM spectrum only. More precisely, we want to study the following two cases: first case, only the trapped QNMs are known; second case, additional information from the time evolution related to the scattering at the black hole like potential barrier is provided. To answer the question, we first discuss the general case of the two different type of potentials, before we embed it into the context of echoes from wormholes and ultra compact stars.
Trapped Modes Equivalence
The qualitative behavior of the trapped QNM spectrum for a double barrier potential is the same as for a single potential barrier next to a potential "wall", which is the situation for ultra compact stars. We call this kind of potential now to be of type I. The double barrier potentials are now called type II. The similarities between the two spectra is self-evident by looking at the Bohr-Sommerfeld rule eq. (3) and the Gamow formula for each problem 4 . Thus it seems interesting to ask the following question, for which the spectrum ω n containing the trapped modes and potentially also the first scattered modes is known. Can one find two potentials, one of type I and one of type II, that admit the same trapped modes? In the case of type II potentials studied in this work, we assume the potential to be symmetric around x = 0. This assumption for the symmetry allows to reconstruct one unique potential. But without this symmetry, "shifted" or "tilted" potentials with the same widths (L 1 (E), L 2 (E)) would also have the same spectrum ω n . This is valid within the underlying first oder WKB theory. The situation for type I potentials is similar. Without the knowledge of one of the three turning point functions, one can find infinitely many different potentials with the same widths and therefore the same spectrum. However, in both cases this non-uniqueness is "just" within the same type of potential. But, is the same also true between the two different types of potentials? Can one find two potentials of type I and type II that describe the same spectrum?
To investigate this question, within the accuracy of the underlying WKB methods being used in this work, we can start from a given spectrum ω n that contains all the trapped modes and potentially the first few scattered modes. Then we insert it into the two inverse methods. If we can construct pathology free widths (L 1 (E), L 2 (E)) in both cases, and from this provide at least one specific potential of each type, one can not distinguish the two different types of potentials from the knowledge of their trapped modes only. Again this is only valid within first order WKB theory, but can be seen as a strong hint that exact potentials, which are quite similar, exist as well.
Note that by only looking at the full QNM spectrum (trapped modes and scattered modes), it is not obvious where exactly the trapped modes end and the scattered modes begin. Using the inverse methods, we can extrapolate the maximum of the potential barrier E max from the point where the semi-classical description of the transmission T (E) extrapolates to 1 5 . Since the Gamow formula for the imaginary part E 1n differs by a factor of 2 for the two different types of potentials, see Sec. II, one should expect slightly different values for the maximum E max . From this it directly follows that one might find a slightly different definition of which modes of the spectrum still belong to the trapped modes and which are the first scattered modes.
With all the previous thoughts in mind, we now show two trapped spectrum equivalent potentials in Fig. 6 . The order of the panels is the same as in the previous Sec. IV. We can make several comments. First, due to the different Gamow formulas being used to approximate the transmission, the maximum of the potential barrier(s) differs slightly for both potentials. The maximum of the single barrier type is smaller than the one with two barriers. Second, since the real part is in both cases described by the same Bohr-Sommerfeld rule, it is not surprising that the width of the potential well L 1 (E) is almost the same in both cases, it only differs by how far it is defined with respect to E max and deviates close to it. Third, the width of the potential barrier(s) L 2 (E) differs close to the barrier maximum, but approaches each other with decreasing E. Note that the type I potential, shown in dashed blue in the right panel, goes only up to E max . For type I potentials the left side continues to larger values, but it can not be reconstructed with the present method. For this one would need to generalize the inverse method for scattered modes, which is beyond the scope of this work. To summarize this section, we have shown that two different type of potentials (type I and type II) can have the same trapped mode spectrum. They differ in the width of the potential barrier(s) and have a slightly different value for the barrier maximum. It might happens that the total number of trapped modes is not the same, e.g. the first scattered mode of type I can be the last trapped mode of type II. All calculations and conclusions are only valid within the precision of the underlying first order WKB method. It would be interesting to verify whether this kind of equivalence is also true for higher scattered modes and how the exact equivalent potential looks like, but beyond the scope of this work. Since the Bohr-Sommerfeld rule and Gamow formula can be used to obtain quite precise spectra for both type of potentials, one should expect that the exact spectrum equivalent potentials are close to the ones we have presented in this work.
Echoes from Wormholes vs. Ultra Compact Stars
Now we can study the results of the previous section within the question whether one can distinguish a wormhole like object from an ultra compact star like object, if one only knows the trapped QNM spectrum contained in the expected echo signal. The QNMs in the echo signal are in principle all the trapped modes, but eventually also the first few scattered modes. It might also happen, that the last trapped mode coincides with the maximum of the potential barrier and thus could also be interpreted as first scattered mode. Therefore, it is in general not clear which part of the spectrum strictly belongs to the trapped modes and which describes the first scattered modes. Consequently, it might not be clear how many modes one has to use in the reconstruction. Choosing it by the value where the constructed transmission T (E) (for both types of potentials) extrapolates to 1, can lead to two different choices for the last trapped QNM.
Combining all the considerations from the previous section, one has to conclude that the two types of potentials can not be distinguished without additional information. However, in the usual discussion of the expected echo signal, one knows that the first pulse of the echo signal is a direct reflection at the (first) potential barrier. This corresponds very well with the fundamental BH QNM 6 that can be approximated with the Schutz-Will formula [48, 50] or alternative descriptions [42, 43, 49] 
where V max and V max are the values of the potential barrier at the maximum and its corresponding second derivative.
The most dominant mode is the fundamental one with n = 0. None of the reflected modes is part of the exact QNM spectrum of the ECO, but has to be understood as additional information related to the scattering at the potential barrier. With this additional information one can approximate the maximum of the potential barrier and its second derivative in an independent way and check which of the two reconstructed trapped mode equivalent potentials is the right one. However, precise knowledge of the reflected mode would be required to exclude one of the two potentials.
The situation becomes even more clear, if one allows for additional physical assumptions. For example, in many ECO models, the modifications of the space-time become only important very close to the corresponding Schwarzschild radius, which can be at much smaller distances than the position of the barrier maximum. Thus one would expect most part of the barrier to be similar to the Schwarzschild case and can check which of the two reconstructed barriers fit.
Wormholes vs. Black Holes
Another fundamental question is whether black holes and wormholes (or other ECOs) can in general be distinguished from each other. It has been addressed several times in the literature, see [5, 6, [51] [52] [53] [54] [55] for some examples and the references given in [16, 17] . Some of the findings might seem to be contradicting on the first view, but this is more due to the different types of wormholes being studied. The situation becomes rather clear in cases where an effective perturbation potential can be shown. Wormholes of the DS type, within the parameter range studied in this work, have an effective perturbation potential consisting of a potential well between two potential barriers. It is evident that the QNM spectrum is drastically different compared to a Schwarzschild black hole, whose perturbation potential is a single potential barrier. Therefore one can distinguish these objects from the late time behavior of emitted perturbations. However, there are also other wormhole models like the Bronnikov-Ellis wormhole [56, 57] , where the effective potential is a single potential barrier, which indeed can mimic the QNM spectrum and late time behavior of regular black holes [54, 55] .
VII. DISCUSSION
In this section we discuss the accuracy of the inverse method from the results we obtained in the previous sections and give a brief outlook regarding actual observations using gravitational wave detectors.
A. Accuracy
The accuracy is similar to the case of ultra compact stars [3] . For the reconstructed widths (L 1 (E), L 2 (E)) one has to take into account the following aspects. First, the inverse method is a result of the WKB method and therefore intrinsically approximate. Second, the total number of trapped modes. Closely related to this is the expectation that the WKB method can become very precise for high values of n, but less precise for small n 7 . Something similar is true for the semi-classical description of the transmission. It can be quite precise for energy values far below the barrier maximum but becomes less precise if the energy approaches the value of the maximum. We thus observe that the overall accuracy of the reconstructed widths (L 1 (E), L 2 (E)) increases with the total number of trapped modes that exist in the potential, but has to be treated with caution close to the minimum of the potential well and close to the maximum of the barrier. Indeed, this behavior has been found in Sec. IV. In cases where the widths are reconstructed without any pathologies 8 , it can still happen that the reconstructed potential is unphysical due to "overhanging cliffs", which can come from the very large values of L 2 (E) for small values of E around E min . For an extended discussion of this effect we refer to [3, 34] .
So far it was assumed that the trapped QNM spectrum is known with pristine accuracy. Unfortunately, any real observation would come with an error which would also influence the reconstruction. Also, by analyzing the timeevolution of echoes, one finds that only the highest trapped QNMs are clearly visible, it will be more difficult to detect the lower ones. However, due to the approximative WKB method and the non-trivial integral equations that have to be solved, it is not obvious how exactly the final result is affected by initial errors on the spectrum. For small errors, which are also always present if one uses numerically obtained spectra, this effect does not play an important role. This view is supported by comparing the reconstructed results from the trapped QNM spectrum of the DS wormhole and the corresponding double Pöschl-Teller potential. In both cases the reconstructed potentials look quite similar. Nevertheless, one essential part of the reconstruction is the inter-/extrapolation being used to define the continuous spectrum n(E) and transmission T (E). These functions can not be arbitrary but must fulfill several conditions to describe a physical system. In the semi-classical description they must be strictly monotone increasing functions of E. As soon as these conditions are not fulfilled, the reconstructed widths can become unphysical, which is a clear sign that the spectrum is erroneous, not originating from this type of potential or the inter-/extrapolation insufficient. A detailed study for cases where the errors are not negligible is a non-trivial task that remains to be done in the future.
B. Gravitational Wave Detections
Our last discussion is on how well current and next generation gravitational wave detectors could be used to recover the trapped QNM spectrum from the expected echo signal of exotic compact objects. This question has been addressed in recent work [26] , where a parameter estimation for phenomenological echo templates has been done. The type of objects being studied there are ultra compact stars, not wormholes, but the phenomenological templates that describe the echo signals are similar in both cases [5, 6] . Therefore one can also apply the key results from there to the wormhole case and state that current and next generation gravitational wave detectors are in principle able to detect a few of the trapped QNMs, with non-negligible errors, but probably not all. It will be more complicated to detect the lower trapped modes than the higher ones. Because of this, but also due to the lack of concrete physical models that additionally also take into account rotational effects and deviations from axial symmetry, much more work has to be done, if one wants to make realistic statements about ECOs.
VIII. CONCLUSIONS
Wormholes and ultra compact stars, usually called exotic compact objects, have drawn a lot of attention recently due to claims that new kind of signatures have been found in LIGO data [18] [19] [20] [21] . These findings are disputed [22, 23] , but still call for a more detailed study of the postmerger spectra. In this work we have successfully extended an inverse spectrum method, which was recently developed to reconstruct the effective perturbation potentials of ultra compact stars [3] . The inverse method has been extended to reconstruct symmetric double barrier potentials from the knowledge of the trapped QNM spectrum. We applied the method to reconstruct the effective potential for scalar perturbations of the DS wormhole, which is characterized by symmetric double barriers. Starting from the trapped QNM spectrum of the exact DS wormhole and the double Pöschl-Teller potential approximation, we were able to reconstruct both potentials for different parameters. In the subsequent step we assumed that the underlying wormhole model is the one by Damour and Solodukhin and recovered the λ parameter, which describes the position of the throat, within a few percent.
We also addressed the question whether it is possible to distinguish in principle the double barrier potential of some wormhole models from the potential well with a single barrier that appears for ultra compact stars and gravastars, by using only the trapped modes of the spectrum. To address the question we were able to explicitly reconstruct one potential of each type from the same QNM spectrum. Both potentials have the same trapped QNM spectrum within the accuracy of the underlying WKB theory, and are therefore indistinguishable. However, using that the first pulse of the expected echo signal is independent and additional information being related to the shape of the potential barrier, we argue that one can in principle distinguish them. Note that this additional information is not related to the QNM spectrum of the object, but follows from the time evolution of the scattering at the potential barrier.
The inverse method is approximate since it is based on WKB theory, but has the advantage that it should be possible to extend it to different classes of potentials in the future and to include higher order correction terms for more precise reconstructions. We want to close our conclusions by emphasizing that the presented method is not limited to the study of exotic compact objects, but is applicable to reconstruct symmetric double barrier potentials in one-dimensional wave equations from the knowledge of the quasi-stationary states. Thus it should potentially find applications in other fields as well.
In this appendix we provide additional results from the reconstruction of the potentials in Appendix IX A and the tabulated QNMs being used for the reconstruction in Appendix IX B. The tabulated values for the reconstruction of the throat parameter λ , including relative errors, are shown in Appendix IX C.
A. Additional Figures
Here we provide additional results for reconstructed potentials for λ = 10 −5 and l = 3. The reconstruction of the DS and double PT potentials are shown in Fig. 7 . 
B. Tabulated QNMs
In the subsequent tables I, II and III we provide the tabulated QNMs that we used in the inverse method. The numerical values of the DS potential were produced by a modified numerical code first introduced in [47] , while the spectrum of the double Pöschl-Teller potential can be obtained by solving an implicit equation as shown in [4] . l = 1 l = 2 l = 3 n Re(ω n ) Im(ω n ) Re(ω n ) Im(ω n ) Re(ω n ) Im(ω n ) 0 0.0441 6.66e-08 0.0467 3.38e-12 0.0486 9. In table IV we provide the tabulated values for the reconstruction of the throat parameter λ as described in Sec. V. The relative error is defined as ∆ λ ≡ |λ − λ rec. |/λ and provided in the last row.
TABLE IV. The table shows the reconstructed values λ rec. of λ = (1e-4, 1e-5) obtained by relating the width of the true potential well at E max /2 with the reconstructed one for l = (1, 2, 3) . The corresponding relative error ∆ λ is given in the last row. 
